Chapter 16 — Revision of chapters 12-15

Solutions to 16A Short-answer questions

1 a 60°=60x T radians = g radians

b

180
270° = 37” radians

7
14Q° — 140 x &radians - 3"
radians

s
in[=2) = _1
Sll’l( 2)

COS(S—H)
2

tan(37) = 0

0

tan(— g) undefined

sin2r — @) = —sinf = —0.3
cos(—f) = cosd = —0.5
tan(r + 0) =tanf = 1.6
sin(r + 6) = —sind = —0.6

sin(g - 9) =cosfd =0.1

3y 4 .
cosf = 1—(—) :g(smce

5 a sin(z—ﬂ)— ﬁ
3/ 2
b cos(s—ﬂ) = —ﬁ
6) 2
-
tan| — | = -1
¢ an( 4)
(= 1
d sm(—6 )— >
)"V
f tan(S?ﬂ) ==-13

6 f(x) = 2cos(g).

a Period = 4m; Amplitude = 2

b y
A
2_
1—\ /
ol T T 1 —T > X
2t P 4nm
_1-
2

¢ Dilation of factor 2 from the x-axis
and dilation of factor 2 from the

y-axis
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b V2sinf=1

sinf =

117 197

117
b 12 b

197

9 This is the graph of y = sin(x) with a

dilation by a factor of 2 from the x-axis,

1
a dilation by a factor of 3 from the

. . T S
y-axis, translation of 1 units right and

1 unit up.

12’

237

237

12
10

Short-answer questions 561

JAVA

5 én '%n llan

6

|
7T
fl-z 7

To find the x-axis intercepts, solve
2 2( - —) +1=0.
sin2(x 1

ZSinz(x—f)+ 1=0

o[- F)= kT 11 19n 23n
4 666 6 6
7 x Tr llx 197 23n
i T
3 n Tr 1lm 197 23n
TRTTRI I 1 1
_ 27 10m 147 227 26m
T12° 120120 127
n 5t In 1=

o Tee e
Note that o 1s outside the domain of
x € [0, 2n].

© Cambridge University Press 2016

TR



562 Math Methods AC Year 11

11 Expand sin(A — B) using the formula: But cos(24) = 1 — 2sin’(A)
sin(A — B) = sin(A) cos(B) — Lus = = cos(2A))?
cos(A) sin(B) sin®(2A)

As the values of sin A and sin B are a- [1 — 2sin%( A)])2
already known, only cos B and cos A = )
need to be found. Sin(24)
To find cos A: — (I-1+2 Sinz(A))z
cosA = +V1 —sin’A sin*(24)
; _ 4sin*(4)
. (‘_‘) ~ sin?(24)
3 _ 4sin*(4)
. \/E ~ (25in(A) cos(A))?
; 2 _ 4sin*(4)
=+ ~ 4sin’(A) cos?(A)
But A is acute (as stated in the question), sin?(A)
SO COSA = % ~ cos2(A)
To find cos B: = tan’(A)
sin B = % and B is acute, so B = ;—T — RHS
1 Thus, LHS = RHS as required.
Thus, cos B = —
V2

Now substitute these values into the
13 a
expanded formula:

sin(A — B) = sin(A) cos(B) — cos(A) sin(B)

4131 :16+1—8><_71
> V2 0 W2 =17+4
_4-3
T 5\2 =21
_ AC = V21
52 , ,
sin(/BAC) _ sin(/ABC)
4
12 LHS = L= cosCA 4siﬁ0°)
1 + cos(2A) sin(/BAC) = ———=
1 —cos(2A) 1—cos(24)
" T+ cos24) 1= cos(24) _2V3
(1 — cos(2A))? V21
T 12— cos(24) _2
(1 - cos(24))? V7

sin’(2A)

© Cambridge University Press 2016

AC? = 4% + 12 -2 x4 x 1 x cos(120°)



Short-answer questions 563

_1 : Thus
C A—§x1x4><s1n(zABC) AC 6
1 . - .
= — x 1 x4 x sin(120°) sin(B) - sin(A4) -
2 AC = 6 X (2sin(A))
= V3cm? B sin(A)
AC =12cm
14
>om xem 16 a (-2a>)° x 3a* = —84° x 3a*
f = —244"
5cm 4 2 51,2
S5a” X 2ab 10a’b
5+5+x=16 b =
20a%b* 20a%b*
x=6 a3
x=r6 - 202
6 =560 . (xy—Z)—l 3x—1y2 _ x—ly2 y 3x—1y2
g0 y Ay oy Ay
5 3y
A= %rze  4x5y3
1 6 _ 3
= - x5 %~ 4x3
> 5 4x
= 15cm? d
4a”\* ~1,3 64a®\ 3,-3
() = ear™y’ = (G55) = ™)
15 ¢ 64a° 1
T B0 8ab
6em 3 64a°
~ 8ab
=8
A B
AC 6 1
- == y\ 3 _1 11
sin(B) sin(A) e Jx 1y x (;) =Xx 2yXxy 3x3
_ 6 sin(B) 12
sin(A) =x 6y3
But sin(B) = 2sin(A) ’
y3
-1
x6
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564 Math Methods AC Year 11

f 1 b f:R->R, f(x)=-3x2"+1
V2x—1xQ2x-1)""=2x-1)2Q2x—-1)"" Range (-0, 1)
1 Y
- 1 A
(2x - 1)2 y=1 |
I > )

v (-2 D\

42 -2 4—4 2—8
b (5) =5 =3m=2=16
26 2—12 2—12
272 3 6 36
. X9 _ 3% x _34_g]
812 38
TR 1 20 a 4°=8""
d (=27)3 = ) 2% _ A3x=3
973 3 2% =2
2x=3x-3
97 % 8" x 16" 34 x 23 x 24" =3
18 a =
— 6n33n b 4* =5%x2" -4

22 _5%x25+4=0
Q —=H2*-1)=0

b 3log,(16) =3 x4 =12

¢ 2log;,3 +log;y4 = log,;(3* x 4) x=2orx=0

= log,, 36
| ¢ 51> 125
—|= -3y = _
d 1og:( ) = 10g,(3) = =3 o575 5
ox-1>3
19 a f: R >R, f(x) =2* -3 Range o x> 4
(_SaOO)
K d logy(x+1)=3
x+1=2°
x=7
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Short-answer questions 565

e log,(2x) —log,(x + 1) =0 24 a S, =2n-1)*+3n-1)
2 (2 _
0z, _:61:0 =2n"-2n+1)+3n-3
o =®—4n+2+3n-3
2x 0
x+1 =2’ —n-1
2x=x+1
b S, =8,1+t,
x=1

2nz+3n:2nz—n—1+t,1

t, =4 1
21 a 2°=5 o x = log,(5) e

ct1=4x1+1=5

b 53x+1 =10
§$3r =9 d From part b, if n increases by 1,
t, increases by 4. The common
3x = logs(2) difference is 4.
1
X = 3 logs(2)
25 From the pattern, it can be seen that
(¢ 0.6 < 0.2 tn+1 — 2tn-
& xlog,,(0.6) < log;,0.2 This is a geometric sequence with first
log, 0.2 term 3 and common ratio 2.
S x> ——— _ )
10g10(0~6) Let Sln_—2£89
3 X = 189
1-2
22 When n increases by 1, t, increases by 6. M — 64
Hence, the common difference is 6. _ o6
3 n = 6
23 a=—
=7
-1 -3 1
d=——-—=-2 — - _
1 1 26 a=4,d= >
12 -3 4
512:?(2><T+(12—1)><(—2)) S:—l
1-—
-3
=6(= —22) 2
2 =8m
=-141 The frog travels 8 metres.
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566 Math Methods AC Year 11

36 36
27 The side lengths are: —— and 36 cm.

I r

36 36

— +—+36=76

r r

36 36

- +—- 40=0

r r

36 +36r —40r* = 0
40r* - 36r —36 =0

10,7 =9r-9=0
2r=3)5r+3)=0

3
= — >0
r 2asr

6
Shortest side is — = 16 cm
3

2

28 a First even number is 2.
Common difference is 2 as
consecutive even numbers differ by 2.
There are 50 even numbers in the first
100 natural numbers.

50
S5o:7(2x2+(50—1)x2)

= 2550

b This can be found by firstly finding
the sum of the first 100 natural
numbers, and then subtracting all the
numbers that are divisible by 3.

Sum of first 100 natural numbers:
S100 = T(2X1+(IOO_ )x1)

= 5050
Sum of all numbers that are divisible

by 3:

First term = 3

Last term = 99, which is the 33"
term.

Common difference = 3, because
consecutive numbers that are
divisible by 3 will differ by 3.

33
S33:?(2X3+(33—1)X3)

= 1683
Hence, the required sum is

5050 — 1683 = 3367.
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Multiple-choice questions 567

Solutions to 16B Multiple-choice questions

1D 2x—2x(

10

180
ol
~(360x)°
- (=)
~ 360x°

T

y=sin2x+1
Qis at the 1st max1mum

x—4,y—s1n§+1—2

1-3cos8
range = [1 - 3,1+ 3] =
so min value = -2

[_27 4]’

X
=16+ 15sin —
y sin =

107
© y(10) =16 + 15sin —
y(10) sin —

15
=1 it
6+2

=235m

sin(r + 6) + cos(m + 0)
= —sinf —cosd
sinx=0,..x=0,

Over [0, 7], B, C, E have 1 solution
and D has none.

0
y = sin 3 has per = 47

2 —3sinf

range = [2-3,2+ 3] = [-1,5]

y = cos x° with translation of 30° in
negative x direction
sy = cos(x + 30)°
f(x) = —=2cos3x:
2r
per 3 ampl 2

11 E We first must find cos A and cos B.

Since both angle are acute, we

know that cosA = V1 —sin’>A =

(5)2 12
= ,COSB =

N - ,/1— 2 .
sin” 17 17

Therefore,
5
sinA 13 5
tand = cosA 12 12
13
8
simB 17 8
tan B = cosB_ 15 15
17
Therefore, A+ tan B
an A + tan
tan(4 + B) = 1 —-tanAtan B
5,8
_ 12 15
5 8
1215
171
= ~T10°
12 B Since
c 58
sin38°  sin 130°
it follow that
_ 58sin 38°
"~ sin130°

13 D

C

B
Evaluate each statement carefully:
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568 Math Methods AC Year 11

I. Yes, because two side lengths and 18 B We simply find the area

the included angle is known. of the circle segment,
IL. Yes, using the sine rule. _ g _ lrz sin @
I11. Yes, using the cosine rule. 360 2
ax452x 110 1 5 . .
14 A Since angle A is the angle between B 360 —7% 45sin 110
the given sides, the area will be given ~ 992 cm?
by
- -3
A=t 6% Tsinase 0 B VI21x106 _ 1.1x10
2 2% 104 2% 104
15 B =0.55x 10779
=0.55x%x10
60 m — 5.5
0
10 m 20 B log,8=3,..a’=8
60
tand = —— a=?2
M7= 1100
g = tan_l 60 21 B 5n—15n+1 — 5n—l+n+l
1100 _ s
~ 3.12°
1
16 E [=3,r=4 22 B 2X:a,.~.2xzz-6
[=7r60 f= =6
3=446
3 23 E 1255 = 5%5

0= 4 — g3ath
3 _180°
=151 24 D 4% =10 — 4!
~ 43° LA 4 =10

17 C Diameter of 10 cm means radius of 4d+4=10

5 cm. 5(4%) =10

Use radian angle in area formula: 4% = 2 = 405
. T

60" =3 L x=0.5

1,

A= Er 0 25 A gn+2 _ 35(7n+1) ~ g2 5(7")
o 44(7m2) T 44(Tm2)
T2 %3 749 -5)
~ 13.09 44(7n+2)

71
T ont2 T 49
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26

27

28

29

30

31

32

D f(x)=2+3"
L fRx) - f() =2+ 32%) — (2 4+ 3%
— 32x — 3%
— 33 - 1)
C (72)6)(492)6-1) =1

72x74x—2 =1
72 =1=7°

1
Lx=2=0,00 x=<
x x=3

1 X
B y:2xand;y:(§)
y-intercept at (0, 1)

2
A f(x)=0Qx)°+x73
2

=1+x3

2

L f®)=1+873
1

:1+—:§
4 4

D t4y=a+@-1)

=4+ (4-1)x3
=13
B a=5d=2
fo=a+(9-1)d
=5+(9-1)x2
=21

A The difference between terms is
constant.

O0-D=-y=Qy-D-0-1
y=—1-y=2y—-1-y+1
1=y
y=-1

Multiple-choice questions
33 A yu=a+3d
=3+3d=9
3d=6
d=2
t11:a+(n—1)d
=3+10x2
=23
1 1
4 Da=—=,r=-=
a 2,ra 5
Se =
1-r
1
__ 2
1
| ——=
2
1
-2
3
2
1
-3
35 ¢ L =44
1-r 1
Multiply both sides by —.
a
1=4(1-r)
1=4-4r
4r=4-1
3
r=-
4
36 C a=1, r=-3x
S 1-r"
n=4a
1-r
1= (=3x)"
~1-(-3%)
1= (=3x)
1+ (-3x)
(30" -1
~ —1-(-3x)
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570 Math Methods AC Year 11

37 A Split the sum into two components:
1-2+3-4+5-6+ ...

=(1+3+5+..)-Q2+4+6+ ..)
For the first sum: a = 1,d = 2 and
n = 1000
1000
S1000 = T(l X2+ (1000 - 1) X 2)
= 10 000 000
For the second sum: a = 2,d = 2 and
n = 1000
1000
S1000 = T(Zx 2+ (1000 -1)x2)
=10 010 000
Thus,

1-2+4+3-4+5-6+ ...
=(1+3+5+..)-2+4+6+ ..)
= 10 000 000 — 10 001 000

= —1000
38 cosf —sinf = 1
4

- (cosf—sinf)> = —

sin29+c0529—2sin6’c0s6:%
-2 1
- sm@cosG—E
2sinfcosd = 1—i
16
. sinfcosf = E
32
| 1
39 B yzism2xandy:§meetat
sin2x:7} 5
S2x = >3
7 Sm
X = T
40 D We have,
cosAcos B—sinAsin B = cos(A + B)
3 Vs
_cosi
=0.

41 E Considering right AVOE, we have

tanf = —
OFE

_ 100
T 40
5
>
so that = tan™! % ~ 68°.
42 B /ABC =60° + 60° = 120°
Use cosine rule:

AC? = 4% + 67 =2 x4 X 6 X cos(120°)

AC = V42 + 62 — 2 x 4 % 6 X cos(120°)

= V42 + 62 — 48 cos(120°)

43 B

Use cosine rule to find angle:
8% =8> +8% -2 x8x8xcos(h)

Wy =

Now, to find the area:
1
A= 5rz(er —sin6)

1 b4
= —x8x(=-
5 X8 X3
\/§)
2

.

smg)
T

=32(= -
(3

ci=3
LCM_5=3"_5
=176

4 A
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Multiple-choice questions 571

45 E log,56 —log,7 +log, 2 49 A 0.36 = 0.363636 ...
1 (56><2) 0.36 x 100 = 36.3636 ...
= log,
0.36 x99 = 36
= log, 16 036_36_4
=4 U799 711
Numerator + denominator = 4 + 11
46 B log,a=c;log.b=c - 15
Ta=b" b=x°

50 ts=a+(S-1d=1.6

thp=a+(12-1)d=-19
Solve these equations simultaneously

- log, b =clog, x

- log, x = —log,b = — log, b*
c c

1 on the CAS calculator to get:
~-log, x = 7 log,a=— a=3.6andd = —0.5
Thus,

47 B a=85,=2>°-2=2
§,=22-2=6
Hh=8,—-5,=4

= =2
h

r

t, = ar"!

=2x 2!
="

48 C 0.72 = 0.727272 ...
0.72 x 100 = 72.7272 ...

0.72 x99 =72
.12
0.72 = —
99

51 C

hs=a+(15-1)d
=3.6 +14 x(-0.5)
=-34

There are 8 terms, a = —4 and

tg = 10.
a+7d =10

—4+7d =10
7d = 14

d=2
The required sum is S7 — a.

7
S7-a=(-8+6x2)~~4

=14+4
=18
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572 Math Methods AC Year 11

Solutions to 16C Extended-response questions

1 a /ADB = 180° — (50 + 30)° — 28° = 72°

Use sine rule:
AD 3 100
sin(28°)  sin(72°)
AD ~ 49m

LACB = 180° — (22 + 28)° — 30° = 100°

Use sine rule:
AC 100

sin(22° + 28°) _ sin(100°)
AC ~78m

b AD = 49.363161
AC =77.786191

/DAC = 50°
Use cosine rule:

49.363161% + 77.7861912
-2 %x49.363161 x 77.786191 x cos(50°)

DC =

= 59.591082
The distance between the two platforms is 60 metres, to the nearest metre.

¢ Consider the diagram below:

D 59.591082

49.363161

77786191

A
Find /ACD using sine rule:
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Extended-response questions 573

sin(/ACD) _ sin(50°)

49.363161  59.591082

_1 [49.363161 x sin(50°)
50.591082 )

L/ACD = sin

= 39.387679°
Let the angle that the line DC makes with the reference North line to be 6:

180° = 60° + 39.387679° + 6

6 = 80.612321°
Thus, the bearing is 360° — 6 ~ 279°T

h(t) =10 +4sin(157)°, 0 <r <24
period = % = 24, amplitude = 4
translation of 10 units in the positive direction of the A-axis
h(m) o
14 1

10

6 +

0 12 24 1 (h)

When 2 =13, 10 + 4 sin(157) = 13

3
4sin(15¢) =3 ~.osin(157) = 1
3 3
150 = sin”!(7) or  15r=180 - sin”!(3)

1 3 1 3
and t= 5 sin~ (4_1) or t= E(ISO - sin‘l(z))
From the graph it can be seen that only two solutions are required.

1 1
tx B(48.5904) or = 1—5(180 —48.5904)
~ 3.2394 ~ 8.7606

Hence, h = 13 after approximately 3.2394 hours and 8.7606 hours.

When i =11, 10 + 4 sin(15¢) = 11

1
4sin(15¢) = 1 o sin(150) = 1
15¢ = sin~1(0.25) or 15¢ = 180 — sin~1(0.25)
1 1
and =13 sin™'(0.25)  or t= E(180 — sin"'(0.25))

From the graph only two solutions are required for the domain 0 < ¢ < 24.
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574 Math Methods AC Year 11

1 1
= E(14.4775) or = E(lSO - 14.4775)

~ 0.9652 ~ 11.0348
For h > 11,0.9652 <t < 11.0348 (approximately).

Hence a boat can leave the harbour between 0.9652 hours and 11.0348 hours.
3 a At the start of the experiment, t = 0.
~. N(0) = 40 x 2'°©
=40 x 2°
=40x1 =40

Hence there are 40 bacteria present at the start of the experiment.

b i Whenr=2,  N(2)=40x2""?
=40 x 2°
=40x8
=320
After 2 hours, there are 320 bacteria present.
ii Whent =4, N(4) = 40 x 2154
=40 x 2°
=40 x 64
= 2560
After 4 hours, there are 2560 bacteria present.

iii Whent = 12, N(12) = 40 x 2102

=40 x2'®
=40x 262144
= 10485760
After 12 hours, there are 10485 760 bacteria present.
C N
(4,2560)
(0, 40) (2,320~
0 »
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Extended-response questions 575

d WhenN =80, 80=40x2"""

21.5([) — 21
1.5t=1
. 2
3

2
The number of bacteria doubles after 3 of an hour (40 minutes).

4 a The Ferris wheel makes one revolution after one period.

b1 Vi
Period = —, where n = —
n "7 30

T
=21+ —
T30

21 %30
Bl T

= 60

i.e. the Ferris wheel takes 60 seconds for one revolution.

b Period = 60, amplitude = 9
The graph is translated 10 units in the positive direction of the 7-axis and 11 units in
the positive direction of the h-axis.

h (m)“

201
(0, 15.5) (60, 15.5)

LR I A yo11

2-- I 1 I I »
0 10 25 40 355 ()

¢ Range = [2,20]

d Ath=2, 11+9cos(3—7;(z—10)):2
T
9 (—t—lO):—9
cos 30( )
T
—z—10):—1
Cos(so( )

3fr—o(t—10):7r01r37r0r57r0r

t—10=300r9%or150or ...

S t=40o0r 100 or 160 or ...
i.e. the height of the person above the ground is 2 m after 40 seconds and then again

after each further 60 seconds.
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576 Math Methods AC Year 11

e Ath=155, 11+9c05(%(f—10)):15.5
9cos(l(t - 10)) —45
30 o
T 1
T ):_
cos(30(t 0) >
_ 7
%(I—IO):?orgorS?nor?nor...

t—10=-=100or200r500r70o0r ...

S t=0o0r20o0r60or80or ...
i.e. the height of the person above the ground is 15.5 m at the start and each

60 seconds thereafter, and also at 20 seconds and each 60 seconds after that.

2 1
5 a V = 120cos(60xt), period = i —, amplitude = 120
60r 30

V4

A
120 \\ /
0 : —>
L L 7@
60 30
-120 4

b AtV =60, 120 cos(60rt) = 60
1
60rt) = <
cos(60rt) >
60nt = g (Only smallest positive solution is required.)
o
~ 3x60r
1
180
i.e. the first time the voltage is 60 is at —— second.
¢ The voltage is maximised when V=120

120 cos(60xt) = 120
cos(607xr) = 1
60t =0or2rordmor ...

0 2 A

0 10 !
=Qor—or—or ...
30 15
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. . . 1
1.e. the voltage is maximised when ¢ = 0 seconds, and every 30 second thereafer

k
t=—,k=0,1,2,...).
(=35 )

6 d=a+bsinc(t—h)

. . 60 seconds
a i period=———77——
4 revolutions

= 15 seconds

ii amplitude = radius of waterwheel

= 3 metres
2
ii  period = =~ = 15
c
2n
c=—
15
. (2n
b At(0,0), O=a+b sm(E(O - h))
Now amplitude = 3, ~b=3
and the translation in the positive direction of the y-axis is 2,
a=72
0= 2+3sin ="
—2mh
3 si =-2
sin —
. —2nd -2
sin = —
15 3
-2
1;”’ ~ —0.729 727 656
. —0.729727 656 x 15
- -2
~ 1.742 10
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578 Math Methods AC Year 11

2
cd=2+3 sin(l—;T(t 1742 10))

dA

7 a i Whent=0, h = 30(1.65)°
=30x1
=30

ii Whent=1, h = 30(1.65)!
=30x 1.65
=495

iii Whent =2, h = 30(1.65)*
=30 % 2.7225
= 81.675

b h(N) = 30(1.65)"
h(N + 1) = 30(1.65)N*!
= 30(1.65)" x 1.65
= 1.65h(N)
h(N + 1) = kh(N)
implies k =1.65

¢ When i =900, 30(1.65)" = 900
1.65" = 30
log,, 1.65" = log,, 30

tlog;, 1.65 =log,, 30

_ log;;30
~ log,, 1.65

~ 6.792
1.e. it takes approximately 6.792 hours for 900 hectares to be burnt.
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Extended-response questions 579

d h
(hectares) h(f) = 30(1.65)
(0, 30) (1,49.5)
ol ¢ (hours)

8 a P1:4X1:4

1
b P2:3><1+6><§

=3+3
=6
c P —3><1+5><1+10><1
3T 2 4
5 5
=3+ -+ =
2 2

=8
d The common differenceis2as8—-6=2and 6 —4 = 2.
e i Py=P3+2

=8+2
=10

ii P,=P,1+2

iii P,=Pi+(n—-1)x2

=4+2n-1)
=4+2n-2
=2n+2
iv
1
A I
o R ¢ I S 1
| : 4::(_)::||||||||(-)¢§
D 1 1 1
2 4 8
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580 Math Methods AC Year 11

9 a Whent =0, 6= 8027 + 20
=80+20
=100

When t = 1, 6 =8027" + 20
=40+ 20
=60

When ¢ = 2, 6 =80(27%) + 20
=20+20
=40

When ¢ = 3, 6 = 80(27%) + 20
=10+20
=30

When ¢ = 4, 0 =80(27%) + 20
=5+20
=25

Whenr =5  6=8027)+20
=25+20

=225
t] 0 1 121314 5
6| 100 | 60 | 40 | 30 | 25 | 22.5

b 6(°C)
100

»

0 t (IrTin)

¢ When6=60° r=1
i.e. the temperature is 60°C after 1 minute.

d Whent =35, 0 =80(2737) + 20
80
N ———
11.3137085
27.071

20

Q
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10 a P, =70000000 + 3 000 000¢,
P =70000000 + 5000 000z

14
Pc =70000000(1.3)10

b P (millions)
A

70

0 é 5 7(') t (}E:ars)

Extended-response questions 581

¢ From the graph, the population of C overtakes the population of

i A after approximately 35 years

ii B after approximately 67 years.

1975-1975
P=42) =

=42)°
=4x1
= 4 billion

11 a i Whent = 1975,

1995-1975
P=42) %

ii Whent = 1995,

20
= 4(2)35
~ 4 x1.48599
~ 5.944 billion

2005-1975
P=42)" %

iii When ¢ = 2005,
30
= 4(2)3

~ 7.246 billion

1997-1975
P=42) 5

b Whent = 1997,

22
= 4(2)35
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1997-1975
In1997, P=4Q2)" %

22
= 4(2)35
22
Double this is 2 x 4(2)35
2
= 4(2)'*35

57
= 4(2)35
1-1975 57
Solve for ¢: 4(2) 35 =4(2)35
Then r - 1975 = 57

t =2032
i.e. in 2032 the population of Earth will be twice the population it was in 1997.

-t
12 Vi(t) = 1000e10, t>0
Va(2) = 1000 — 40z, 0<tr<25

a V(0) = 1000, V,(0) = 1000

(25, 82.08)

[
»

0 25 ;

¢ Tank B is empty when ¢ = 25, i.e. when 1000 — 40t = 0.

-25
V1(25) = 10003 10
=64.15...
Tank A has 64.15 litres in it when B is first empty.
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Extended-response questions 583

d On a CAS calculator, with f1 = 10003 (=x/10) and f2 = 1000 — 40x

t=0, and V;(0) = V,(0)= 1000
t=23.

13 a iOCIZR—}"l

.. U |
ii sin 30 =5
. ° r r
and sin 30 :R—r1:0_C1
r _1
oc, 2
r _1
R—I’l 5
21”1:R—I’1
31’1:R
_ R
r1—§

b i OCQZ(R—ZI"l)—I”z

R
=R-2X—=——-n
3
R
=——-r
3 2
1
. 130° = —
i1 sin >
. o N
andsm3O—R
——7
3 2
%) _1
R 2
——7
3 2
R
2r2:§—r2
R
3r2:§
R
r2:§
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¢ i The common ratiois r = R
r
_R-R
973
—R><3—1
"9 R 3
.e R
11 l"lzg
R R
d = — = —
and rp 9 32
R
T, = —
311
a
i S =
iii —
R
_ 3
B 1
1 - —
3
_R02
373
_R 3 _R
372 2

R
The sum to infinity is 5

iv Let A, be the area of the circle with radius r,,.

A, = 71'1’,%
A= ﬂr%
R\2
{3)
B nR?
9

— 2
and A =nr;
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Extended-response questions 585

. Ay
The common ratiois r = —
Ay
B R? ) nR?
81 9
aR> 9 1
= — X — = —
a 81 nR* 9
S =
1-r
_ R* .
9 9
3 R? o 9
9 78
_ nR?
-8
o . . 3 . R?
The sum to infinity of the area of the circles with radii ry, r, r3, ...1s 3 square
units.

14 a i Production of Company A in nth month = 1000 + 80(n — 1)
= 1000 + 80n — 80
= 80n + 920

ii Production of Company A in 24th month = 920 + 80 x 24
= 2840
Production of Company B in 24th month = 1000 x 1.04*

=2464.71554 ...
Company A and Company B produced 2840 and 2465 tonnes respectively, to the

nearest tonne, in December 2014.

iii For Company A, the total production over n months is
S, = g(Za + (n— 1)d) where a = 1000 and d = 80
- g(zooo +80(n — 1))
n

= 5(2000 + 80n — 80)

- g(SOn +1920)

= 40n® + 960n
= 40n(n + 24)
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iv  For Company A, Sy4 = (40 X 24)(24 + 24) = 46080

=1
For Company B, S, = a(—l) where a = 1000 and r = 1.04
’/‘ f—

1000(1.04%* - 1
Sos = ( 11 ) =39082.604 12

' 1.04 —
The total production for the period January 2013 to December 2014 inclusive,
of Company A and Company B, is 46 080 and 39 083 tonnes respectively, to the

nearest tonne.

b Find n for which §,, > 100000 for Company A,
40n(n + 24) > 100 000

40n> + 9601 — 100 000 > 0

s n?+24n-2500> 0
When n = 39,

392 +24 x39-2500 = -43 <0
When n = 40,

407 + 24 x 40 — 2500 = 60 > 0
The 40th month represents April 2016.
The total production of Company A passes 100 000 tonnes in April 2016.

a Distance =0.5+9x%x 1.5
=0.5+135
=14
The distance between the fence and the tenth row of carrots is 14 metres.
b t,=05+n-1)x1.5
=05+15n-15
=15n-1

¢ 1.5n-1<80

1.5n < 81
81
n<-—

1.5

n < 54
The largest number of rows possible is 53.
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d Distance run by rabbit =2 X 0.5+2 % (0.5+1.5) +2 X% (0.5 +2 x 1.5)+
<o+ 2x(05+14%x1.5)
=2(05+05+15+05+2x1.5+
-+ (0.5+14x1.5))

1
=2 ;(2><0.5+(15— 1)x1.5)

=15(1 +21)
=330
The shortest distance the rabbit has to run is 330 metres.

16 a i #; denotes the grain production in 1992.
t7=10+(7-1)x0.9
=154

The grain production in 2002 was 15.4 million tonnes.

ii 714 denotes the grain production in 1999.
s =10+ (14-1)x 0.9

=21.7
The grain production in 1999 was 21.7 million tonnes.
b t,=a+n-1)d
=10+(n-1)x0.9
=10+0.9n-0.9
=09 +9.1

¢ S, = g(Za + (- Dd)

20
So = 7(2)( 10+ (20-1) x0.9)

= 1020+ 19 x0.9)
=371
The total grain production for the 20 years starting 1996 is 371 million tonnes.

d Lets, > 21
097+9.1>2x%x10

091 >10.9

n>1211111...
It takes 12.1 years for the grain production to double.
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e P,=125(1.05""

f Let P, > 2 X P;
12.5(1.05)" ' > 2x 12.5
(1.05)" ! >2
Whenn = 15, (1.1 =1.97993... <2

When n =16, (1.1)!7' =2.07892...>2
It takes 15 years for the population to double.

in 6 in 120°
17 a We first calculate 6 = £T'S O. Using the sine rule, we obtain e _ s

6400 8000
, 6400 sin 120°
st: e —
8000
~ 0.6928

6 ~ 43.8538°
Therefore
/TOS ~ 180 — 120 — 43.8538 = 16.1462°.

The satellite completes one orbit every two hours. Therefore, the time in minutes

after 12 p.m. will be
16.1462

360
Therefore the time will be approximately 12.05.

X 2 %X 60 = 5.38 min.

b As the satellite rotates, /7 OS increases. After 6 minutes, the satellite will have

rotated by
6 (o} o
(TOS = EX36O = 18°.
We apply the cosine law to find that TS = V64002 + 80002 — 2 x 6400 x 8000 x cos 18°
~ 2752 km.

¢ Let ZSTO = 6. Then using the sine rule, we obtain,
sinf  sin18°

8000 2572
Ging 8000 sin 18°
2572
~ 0.8984

As 6 is obtuse, we obtain € =~ 116.0507°. Therefore, the angle above the horizon will

be approximately,
116.0507° — 90° ~ 26.1°.
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18 a LetS = /XOB. Then,

32
cosf = 10
B = cos™! 4—1
- 5
~ 0.6435.

Therefore, ZAOB = 2 ~ 1.29.

b i1 We use the formula L = r@
~ 40 % 1.29
=51.48 cm.

ii We first find the segment area above the surface of the water. This is given by,
1
A= =r*(0-sin6)
2
1
x5 X 40%(1.29 — sin(1.29))

~ 261.60 cm?,
We subtract this from the area of the full circle to give

A ~ 1 x 40% — 261.60 ~ 4764.95 cm?.

iii The percentage of the log beneath the surface will be given by

4764.95
o X 100% x 94.80%.
T
1
19 hi() = 18 + 10 sin(%)
ho(t) = 8 + 6t
a period of y = hy(?) ] v 4 (6, 44)
=2r+—
g 2 y=hy(0)
_ D N /\‘
T (6, 18)
0 3' 6I:t

b On a CAS calculator, with f1 = 18 + 10 sin(;rx/6) and 2 = 8 + 6x
The coordinates of the intersection point are (3.311, 27.867). (3.19 am)

¢ i Whenr =9 (9.00 am), /(¢) reaches its minimum value of 8.

ii The original function satisfies this with 7 redefined, i.e. A(f) = 8 + 6t.
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